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in paper 5 of this ~ e r i e s ; ~  from ux = 0.70 X lo-* mol/cm3, 
the average number of cross-linked points per initial 
molecule (y) is estimated to be 8.6, and T,  is found from 
Langley’s graph (interpolated for MR./M,, = 1.7) to be 0.62. 

When the initial relaxation is slight, T,,” is independent 
of t R  and agrees with the Langley theory, as found pre- 
v i ~ u s l y . ~  After longer relaxation periods, the trapping 
probability of the unrelaxed entanglements increases. The 
trapping probability of the relaxed entanglements, T,,r, is 
zero up to the point where T,,” begins to increase and then 
increases but remains smaller than the Langley prediction. 

This behavior can be understood qualitatively in terms 
of the alternative tube model for the topological restraints 
of an entangled molecule as treated in detail recently by 
Doi and E d ~ a r d s . ~ J ~ J ~  The final stage of relaxation in an 
uncross-linked polymer involves the escape of a molecule 
from its tube by diffusing back and forth along its con- 
tour.I7 In a state of strain, the ends regain a random 
configurational distribution finding new tube paths, 
progressing from the ends inward, while a steadily 
shrinking central portion remains confined in the deformed 
tube. The relaxed and unrelaxed entanglements can be 
identified with constraints on the ends and center, re- 
spectively. Whereas the Langley theory provides an av- 
erage trapping probability, it is evident that the probability 
will be greater near the center of a molecule than near the 
ends. In fact, there is essentially no chance of trapping 
a relaxed entanglement until the randomized ends become 
longer than the average entanglement spacing and also 
longer than the average spacing between cross-linked 
points. 

The average number of cross-linked points on a ran- 
domized end can be estimated as (y/2)(1- v, ( t ) /v ,0) .  For 
the experiments of Figures 3 and 7, this becomes greater 
than 1 only for log t R  (s) N 3.5, in agreement with the first 
appearance of trapped relaxed entanglements. This de- 
scription ignores the possibility that some constraints even 
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near the center of the molecule can be relieved by escape 
of other molecules from their tubes, but no attempt is 
made to take their complication into account at the present 
time. 
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ABSTRACT: The pH of weak polyacid solutions containing mono- and/or divalent counterions has been 
treated by use of the solution of the Poisson-Boltzmann equation applied to the parallel-rod cell model. The 
dielectric saturation effect is taken into account in the calculation. Agreement between the theory and 
experimental data is generally satisfactory, particularly if the comparison is carried out at a constant charge 
density. If the charge density of the polyelectrolyte is low and the ionic strength is high, however, the agreement 
between the theory and experiments is not satisfactory, probably because the parallel-rod cell model fails. 

The pH of weak polyacid solutions is related to the 
surface electric potential of the polymer skeleton.’ The 
surface electric potential can be numerically and ana- 
lytically calculated from the Poisson-Boltzmann (PB) 
equation if we assume a parallel-rod cell model for the 
polyion.2-8 Some inves t iga t~rs~-~J@’~ have discussed the 
potentiometric titration curves of weak polyacids in the 
presence of 1-1 salts using the surface potential of the 
polymer thus calculated. However, there have been few 
studies in the presence of divalent counterions. In this 
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work, we used quaternized ethylenediamine as the divalent 
counterion and compared the experimental potentiometric 
titration results with the surface electric potential cal- 
culated from the PB equation. Ordinary divalent cations 
such as Ca2+ and Ba2+ show site binding to polyacrylic acid 
(PAA) causing precipitation. Such precipitation is not 
observed in the titration with quaternized ethylenedi- 
amine. 

Based on the counterion condensation concept of 
Manning, Manning and Holtzer14 derived a theory of 
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potentiometric titration of linear polyelectrolytes. Merits 
and demerits of the theory of Manning and also of the 
theories based on the PB equation were carefully discussed 
in comparison with experimental results. In their paper, 
they pointed out that  the dielectric saturation is ignored 
in the theories based on the P B  equation, Le., the solvent 
is usually treated as a dielectric continuum that retains 
its bulk properties right up to the surface of the polyion. 
In this paper, the dielectric saturation effect is taken into 
account in solving the P B  equation. 

Experimental Section 
A commercially available polyacrylic acid was obtained from 

Wako Pure Chemicals. The degree of polymerization of the 
polymer reported from the company is 700. The solution of the 
polymer was deionized by passing it through a mixed bed ion- 
exchanged column of Amberlite IR 120B and IRA 400 before 
measurement. Quaternized ethylenediamine iodide (QED(I),: 
[ (CH3)3N+(CH~zN+(CH,),](13,) was prepared in a manner similar 
to that described in ref 15. The purity of QED(I), was confirmed 
by conductometric titration with AgN03 and I3C NMR. The 
quaternization was satisfactory. The quaternized ethylenediamine 
base (QED(OH),) was prepared by treating QED(I)% with porous 
anion-exchange resin Amberlite IRA 401. NaCl was of a reagent 
grade. Hitachi-Horiba pH meter F7 was used with NBS standard 
buffers. The measurements of pH were carried out in nitrogen 
atmosphere at 25 f 0.02 "C. 

Numerical Calculation 
Our model of the polyelectrolyte is the same as that 

proposed by Fuoss et al.2 and by Alfrey et ale3 The polyion 
is represented by a cylindrical rod of radius a and length 
h having v charges uniformly distributed axially on the 
surface and stretching along the axis of a cylinder of radius 
R. The polyions are considered to be essentially parallel. 
The length of the polyion is assumed to be large compared 
to R so end effects may be neglected. The counterions are 
distributed symmetrically around the polyion in a cylinder 
of radius R. The electrostatic potential $ is determined 
by solving the following P B  equation 

where e is the electronic charge, Z, is the signed valency 
of ion i, r is the radial distance from the axis of the polyion 
rod, D, is the integral dielectric constant of the solvent at  
r ,  n10 is the concentration (mol/L) of ion i a t  r = R ,  k is 
the Boltzmann constant, T is the absolute temperature, 
and N A  is the Avogadro number. The first boundary 
conditions are expressed as 

(d+/dr)r=R = 0, $(R)  = 0 ( 2 )  

(D,  d+/dr),=, = -2eu/ah ( 3 )  

and the second boundary condition is expressed as 

The parameter nl0 is related to the average concentration 
of ion i, n,, by 

(4) 

where V = .nh(R2 -- a2) and C,+I = - e $ / k T .  
The dielectric saturation effect on the pH was evaluated 

using the same method as that of Conway et  al.17 The 
differential dielectric constant (Dd) and the integral one 
(Di) were expressed as a function of the electric field 
intensity (E  = d+/dr) by GrahamIs and Laidler19 such as 

( 5 )  

where Q is the electric displacement, Do is the dielectric 
constant in the bulk phase, the square of the optical re- 
fractive index n2 is equal to 1.78, and the constant m is 
found to be equal to 1.08 X esu 2. Equation 1 is 
transformed into 

d2$ 
dt2 
_ -  - 

exp(Zj$ + 2 t )  - (oi - D ~ )  - dt  

( 7 )  
where t = In ( r / u ) .  The boundary conditions are also 
transformed into 

(d@/dt),=,,, ( R / ~ )  = 0, $(In @ / a ) )  = 0 (8) 

( Di $) = -2e2u/kTh 
t = O  

Equation 7 was solved by the Runge-Kutta-Gill method. 
The interval 0 5 t 5 In ( R / a )  was divided into N sub- 
divisions ( N  = 100 here). In the system of mixtures of 
mono- and divalent counterions whose concentrations are 
n+ and n2+ (the concentration of coion is n-1, it is not easy 
to determine the parameters n10 to satisfy the boundary 
condition of eq 9. Our procedure was that values of n+O 
and n2+0 are kept as constants and no is varied under the 
condition of n_O < n+O + 2n2+0 so as to satisfy eq 9. After 
a solution with a set of n+O and n2+0 was obtained, the 
average concentration n, was calculated from eq 4 by use 
of the Lagrange interpolation formula through three 
points. The surface electric potential $(O) a t  a given 
concentration of n+, n2+ can be obtained from a family of 
calculated results by use of appropriate interpolation 
methods. The details of the calculation are given in 
Appendix I (supplementary material). The convergent 
condition of the calculation was [ ( D ,  d@/dt),=, - 
( -2e2u/kTh)]  < The numerical solutions for salt-free 
polyion solutions were found to agree with the analytical 
solutions of Fuoss et  a1.* within 0.01%. If the concen- 
tration ratio of added salt to polyion is high, we need to 
use a computer which can compute with higher precision 
otherwise the calculation cannot converge. 

If the dielectric saturation effect need not to be taken 
into account, the above numerical solution can more easily 
be carried out by a modified method of Dolar and Peterlin4 
without assuming parameters nlo. It  was confirmed that 
both methods give the same results. However, the 
modified method takes a longer time for computation than 
the Runge-Kutta-Gill method. Our method applying the 
theory of Dolar and Peterlin to added salt systems is 
explained in Appendix I1 (supplementary material). 

Results and Discussion 
The following notations are used: np is the equivalent 

concentration of polyion and ncadd is the concentration 
(mol/L) of counterion added to a salt-free polyion solution; 
Y E  IZcIncadd/np; X+ n+/n,, X2+ 2n2+/np. Then, the 
polyion solution is salt-free when Y = 0 or X, + X2+ = 
1. The pH of weak polyacid solution is related to $(O) by 

pH = pKo - log (e) + 0.434 @(O) (10) 

where pKo is the negative logarithm of the intrinsic dis- 
sociation constant and is assumed to be approximately 
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Figure 1. Comparison of &JO) and $ ( O ) .  

independent of ncadd, np, and the degree of ionizaton of 
ionizable group a. The definitions of pK and ApK are 

pK pH + log (?) 
If the value of pKo is determined empirically by extrap- 
olating the experimental data to a = 0, it may contain the 
free energy of the conformational change of polyions and, 
therefore, cannot always be reasonable when comparing 
the experimental data and the values calculated under the 
assumption that the conformation does not vary with a 
and salt concentration. The values of pKo therefore have 
to be chosen to achieve the best agreement between the 
calculated and experimental curves.ll However, when we 
discuss the dependence of pH on ncadd or np a t  constant 
cy, the comparison between theory and experiments is not 
influenced by the choice of pKo. 

(1) Effect of the Dielectric Saturation Effect on the 
Potentiometric Titration Curves. The reduced electric 
surface potential calculated with and without taking into 
consideration the dielectric saturation is denoted by &(O) 
and @(O),  respectively. Figure 1 shows a comparison 
between &(O) and 4(0), which were calculated from eq 7. 
&(O) is always larger than @(O) .  This means that the pH 
of weak polyacid solution increases as the dielectric sat- 
uration effect increases. Figure 2 shows a comparison of 
theoretical and experimental values of ApK for a PAA- 
NaCl system. The theoretical curves calculated without 
taking into account the dielectric saturation effect more 
markedly deviate from the experimental data as the degree 
of neutralization increases. On the other hand, the the- 
oretical curves calculated taking into consideration the 
dielectric saturation agree well with the experimental 
curves in a > 0.5. Accordingly, the difference of ApK 
between experimental values and theoretical values cal- 
culated without taking into consideration the dielectric 
saturation7J0 may be due to the dielectric saturation. 

The contribution of the dielectric saturation effect to 
ApK, Le., 0.434(&(0) - d o ) ) ,  is denoted by The 
following are features of ApKd: (i) ApKd increases with 
the charge density of the polyion. At low charge density, 

3 

Y 
P 

2 

1 

0 
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Figure 2. Comparison of the calculated and experimental values 
of ApK of Nagasawa et al." on PAA. NaCl concentration: 1,0.005 
N; 2, 0.02 N; 3,O.l N. The circles show the experimental values 
a t  [PAA] = 0.00829 N. The theoretical values was calculated for 
a = 4 A, h/u = 2.52 A at a = 1 (pKo = 4.06). 

e.g., at cy < 0.4 for PAA, ApKd is negligibly small. (ii) ApKd 
decreases with rod radius of the polyion, e.g., 0.22 for a = 
4 A and 0.02 for a = 10 A in the case of h/v  = 2.52 A. From 
(i) and (ii), we can neglect the dielectric saturation effect 
for helical poly(g1utamic acid)* ( a  = 0.2-0.3, a = 12.5 A, 
and h/v = 1.68 A for cy = 1) and carboxymethylcellulosell 
(a = 7.8 A,2o h/v = 3.37 A for a = 1). In fact, the agreement 
between the experimental data and the theoretical values 
calculated by neglecting the dielectric saturation was fairly 
good, as seen in Figure 2 of ref 7 and Figure 1 of ref 11, 
respectively. (iii) The values of ApKd for divalent 
counterions are about half the values of ApKd for mo- 
novalent counterions. (iv) However, ApKd hardly varies 
either with the concentration of added salts a t  constant 
np and a or with the concentration of the polyion a t  
constant X+, X2+, and a. If the experiments are carried 
out a t  constant np or a t  constant X +  and X2+, therefore, 
we may discuss the dependence of pH on ncadd and np 
without taking into consideration the dielectric saturation 
effect. 

(2) Potentiometric Titration of PAA with &ED2+. 
Figure 3a shows a comparison between theoretical and 
experimental curves for the potentiometric titration of 
PAA with QED(OH), in the presence of QED(I),. 
Agreement was found to be unsatisfactory. On the other 
hand, Figure 3b shows a comparison between theoretical 
and experimental values of [ (pH) - (pH) y=5], where (pH) 
is the pH a t  Y. Good agreement was found. From eq 10, 
we have 

where pY = -log (Y). Figure 4 shows a comparison of 
experimental values of (apH/apY)np,a with theoretical 
values of 0.434(a4(0)/apY)np,p. The agreement between 
theory and experiment is satisfactory even in the case of 
QED2+ salt. In Figure 4, comparison between the theory 
and experimental results with monovalent cations reported 
in the literature is also shown. A t  low degrees of neu- 
tralization, the experimental data are somewhat larger than 
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(a) ( b )  
Figure 3. Comparison of the calculated and experimental values 
of ApK and [ ( P H ) ~  -- ( P H ) ~ = ~ ]  for the PAA-QED(I), system; 
[PAA] = 0.0025 N. QED(I), concentration: 1, 0 N; 2, 0.00125 
N; 3, 0.0025 N; 4, 0.005 N; 5, 0.0125 N (pKo = 4.06). 

Figure 4. Comparison of the theoretical and experimental values 
of (apH/apY). The plots are the experimental data: (A) 
PAA-NaC1 system by Nagasawa et al.," [PAA] = 0.00827 N, 
[NaCl] = 0.02-0.05 N; (0) PAA-NaC1 system by Nagasawa et 
a1.,I0 [PAA] = 0.00827 N, [NaCl] = 0.02-0.1 N; (0) PAA-NaC1 
system by Kondo and Ikegami," [PAA] = 0.0071 N, [NaCl] = 
0.02-0.5 N; (0 )  CMC-NaC1 system by Muroga et al.," [CMC] 
= 0.0051 N, [NaCl] = 0.014.1 N; (+) PAA-QED(I), system (this 
work), [PAA] = 0.0025 N, [QED(I),] = 0.005-0.0125 N. The 
theoretical curves correspond to the experimental data: 1, 
PAA-NaC1; 2, CMC--NaCl; 3, PAA-QED(I),. 

our calculated values. This may be due to the fact that  
the polyions are more tightly coiled a t  low cy so that  the 
actual charge density of the polyion may be larger than 
that for the stretched chain and also the fact that  the 
parallel-rod cell model fails a t  low cy. Data from the theory 
of Manning were also compared with the same experi- 
mental data a t  infinite dilution in a form similar to eq 13 
by Manning and H o l t ~ e r . ' ~  Comparison between Figure 
2 in ref 14 and Figure 4 in this paper appears to indicate 
that the present theory shows better agreement with 
experimental data than the theory of Manning and 
Holtzer. 

The agreement in Figures 3b and 4 and the disagree- 
ment in Figure 3a may be explained as follows. (i) The 
hydrophobic atmosphere by QED2+ around the polymer 

I \  I 1 

(a) ( b )  

Figure 5. Linear relationship of @(O) and pH with lo (n,) at 
constant X+ and X2+.  (a) Theoretical curves for a = 4 1: 1, X+ 
= 1, X 2 +  = 0, h/u = 2.52 A; 2, X, = 1.6, Xp+ = 0.4, h/u = 2.52 
A; 3, X = 0.4, X2+ = 0.6, h/u = 5.2 A; 4, X+ = 0, Xz+ = 20, h / v  
= 2.52 1; 5, X c  = 0, X2+ = 20, h/u = 5.2 A. (b) The experimental 
curves for the PAA-NaCl-QED(I), system: 1, X+ = 2, X2+ = 0, 

4, X+ = 11, X z +  = 0, CY = 0.4. 

chain increases with cy since the counterion concentration 
in the immediate neighborhood of the polymer chain 
increases with cy. Therefore, the average dielectric constant 
around -COOH on the polymer chain decreases largely 
with cy, depressing the dissocation of H+ from -COOH and 
increasing the pH of the solution. (ii) Since the distri- 
bution of the counterions hardly varies with Y in the 
immediate neighborhood of the polyions as is shown in the 
solution of the PB equation, the contribution of the hy- 
drophobic effect to pH would hardly vary with Y. That 
is, the hydrophobic effect is not important for discussing 
(apH/apY) if cy is kept constant. Furthermore, (apH/apY) 
is found to be insensitive to charge density of polyion, e.g., 
0.5, 0.5, 0.48 for h/u = 1.25, 2.5, 5.2 A, respectively. This 
means that the increase in the actual charge density by 
coiling of the polyion with addition of QED2+ hardly 
contributes to (apH/apY). These may be the reasons why 
the values of [(pHIy - (pH),] and [apH/apV agreed well 
with the theoretical values, as seen in Figures 3b and 4. 
However, we need further data in order to discuss the 
hydrophobic effect of counterions on the pH of weak 
polyacid solutions in detail. 

(3) Dependence of pH on Polyion Concentration. 
From eq 10, we have 

CY = 0.7; 2, X+ = 2, Xp+ = 0, CY = 0.4; 3, X+ = 1, Xp+ = 1, CY = 0.4; 

( E )x+,xz+,a = 0.434 ( E )x+,xz+,;. = H (14) 

where pn, = -log (n,). Figure 5a shows the dependence 
of 4(0) on log (n,) a t  constant X + ,  Xz+,  and cy. From the 
figure, we find that $ ( O )  decreases approximately linearly 
with log (n,). That is, the factor H is a constant. In the 
absence of divalent counterions, Nitta and Sugail have 
already shown the linear relationship from the solution of 
the PB equation which was obtained by a numerical 
method different from ours. Thus, it can be predicted that 
pH is proportional to log (n,) a t  constant X + ,  X 2 + ,  and cy. 

In experiments, the linear relationship between pH and 
pn, was reported in the salt-free solutions of poly(me- 
thacrylic acid).21 We found that the linear relationship 
holds in salt-containing solutions of PAA. Some plots of 
pH vs. log (n,) are shown in Figure 5b. In Table I, our 
experimental data for H are compared with the theoretical 
results. The experimental data show that: (i) H decreases 
with Y; (ii) H depends mainly on Xz+ in the systems of 
mixed counterions; and (iii) H decreases with cy. These 
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parallel-rod cell model employed in this work. 
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ABSTRACT: The distribution of mono- and divalent counterions around polyions is discussed by use of the 
ionic activity coefficients of these ions calculated from the Poisson-Boltzmann equation appplied to rodlike 
polyion solutions. Our theoretical values of mean activity coefficients of simple salts are larger than the 
experimental values of Kwak et al. The calculated values assuming that the coion activity coefficient corrected 
for the salt term is 0.9-1.0 agree well with the experimental values in mixed valency counterion systems as 
well as in single counterion systems. Part of the “bound” divalent counterions become “free” by the addition 
of a large excess of monovalent counterions. For the case of an excess of monovalent salts on the binding 
of divalent counterions, the agreement between the experimental values by Krakauer and those calculated 
here is qualitatively satisfactory. Our calculated results are also compared with Manning’s theory in mixed 
valency counterion systems. We conclude that the calculation based on the Poisson-Boltzmann equation 
for a rodlike model is better in treating mixed valency counterion systems than is Manning’s theory. 

Solutions of polyelectrolytes of biological interest  a n d  
ion-exchange resins often contain not only mono- bu t  also 
divalent counterions. Manning’ applied his limiting laws, 
which incorporate both condensation and Debye-Huckel 
t ype  effects, to mixed valency counterion sys tems in t h e  
absence  of a d d e d  salts.  In Manning’s  theory,  divalent 
counterions are assumed t o  condense preferentially on 
polyions wi th  the charge parameter  { > where { = 
e2/DokTb and e is the charge on  a pro ton ,  Do is the bulk 
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dielectric cons tan t  of the solvent, h is the Bol tzmann 
constant, T is the absolute tempera ture ,  and b is the 
distance between the neighboring charges on a polyion. 
However, this assumption is not valid for the  case of a large 
excess of 1-1 salts. For example, i t  was reported17 that the 
amount  of bound Mg2+ t o  polyions decreases with addition 
of NaC1. Kwak  et  a1.2 showed that Manning’s t r ea tmen t  
was no t  applicable t o  their  experimental  data measured  
in the sys tems of Na’, Ca2+, C1-, and poly(styrene sul- 
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